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Quantitative results are presented on mean coordination number and coordination 
number distribution, contact normal distribution and fabric tensor of simulated 
anisotropic granular deposits with resulting solid fractions between ca. 15% for 
ballistic deposits and 58’70, corresponding to a random loose packing. The deposits, 
generated by the capture of uniform size spherical particles arriving normal to a 
target, were simulated using a simple algorithmic model. 

We focus on microstructural quantities which explicitly take into account the 
discrete nature of the granules comprising the deposit. Such measures are important 
in determining the heat transport properties of the deposits for Fourier conduction 
through the solid phase, as well as their mechanical and sintering properties. The 
variation of mean coordination number with deposit solid fraction was successfully 
correlated using a unit-cell model (Eq. 13). This correlation, in conjunction with 
entropy maximization arguments (after Nayak and Tien, 1978) has been further 
used to predict the coordination number distribution. The usefulness of the results 
reported here is illustrated by computing an upper bound to the deposit effective 
thermal conductivity (Jagota and Hui, 1990) and comparing it to both ‘exact’ 
simulation results ( Tassopoulos and Rosner, 199Ib) and experimental data (Koh, 
1971). 

Introduction 
Packings of spheres are relevant in many fields of science 

and technology, including separation, chemical reaction, in- 
sulation, filtration, fouling, and material fabrication proc- 
esses. Thus, the geometry and associated transport properties 
of packed beds and deposits derived from suspensions are of 
great engineering interest. Traditionally, the lowest order de- 
scriptor that has been used to characterize the deposit micro- 
structure (in this article we refer to all particulate beds as 
‘deposits’) is the porosity, E ,  or, alternatively, the solid frac- 
tion, +( = 1 - E ) .  Other descriptors often used are the pore size 
distribution, mean coordination number and coordination 
number distribution and higher order n-point isotropic and 
anisotropic probability functions which permit the calculation 
of bounds to various effective transport properties of interest 
(see, for example, Torquato, 1987; 1991; Tassopoulos, 1991 
and references therein). 

In this article we present results on mean coordination num- 
ber and coordination number distribution, contact normal dis- 
tribution and fabric tensor (defined below) of simulated 
deposits consisting of uniform size particles arriving normal 
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to the target. We focus on such microstructural quantities 
which explicitly take into account the discrete nature of the 
granules comprising the deposit, because, and as discussed in 
greater detail below, they are important in predicting the heat 
transport properties of the deposits for Fourier conduction 
through the solid phase (see, for example, Tassopoulos, 1991, 
and references therein) as well as their mechanical (see, for 
example, Thornton and Barnes, 1986) and sintering properties 
(Jagotaet al., 1988). Moreover, such information is potentially 
useful in designing deposits with specific material or transport 
properties. The effect of subsequent deposit ‘sintering’ is also 
briefly addressed, using the simple grain-consolidation model 
(Schwartz and Banavar, 1989). The solid fraction of the un- 
consolidated deposits considered here ranges between ca. 159’0, 
corresponding to the so-called ballistic deposition model, to 
589’0, typical of a random loose packing (Scott, 1960). Ballistic 
deposits (see, for example, Meakin et al., 1986) are generated 
by assuming that the arriving particles stick at their first contact 
with an already deposited particle, while the denser deposits 
are formed by allowing the particles to relax to positions of 
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lower potential energy (see, for example, Finney, 1970, and 
the following section). 

In the following section we describe the computational model 
used to generate the deposits. Next, we present quantitative 
results on the aforementioned microstructural descriptors and 
compare them to available experimental data as well as the- 
oretical predictions. Finally, we illustrate the utility of the 
microstructural descriptors determined in this work by eval- 
uating a theoretical bound to the effective thermal conductivity 
(Jagota and Hui, 1990) with conclusions and generalizations 
discussed in the last section. 

The Deposit Model 
In this work we explore an algorithmic model to generate 

particulate deposits. We term ‘algorithmic’ all models where 
the rules governing interactions between individual particles 
and their surrounding, for example, other particles, the target 
surface, etc. are supplied by the user in the form of a ‘recipe’. 
The goal of algorithmic models is, of course, to replace if 
possible the physics of the process by appropriate rules, that 
will lead to essentially the same result, say the same micro- 
structure in a computationally more efficient way. Thus, the 
ballistic model mentioned in the previous section is a good 
example of an algorithmic model. Indeed, it is now well known 
that despite its evident simplicity it yields structures with ge- 
ometries very similar to the ones observed in physical exper- 
iments under corresponding deposition conditions (see, for 
example, Vicsek, 1989). In passing we note that ‘algorithmic’ 
models are to be contrasted to ‘dynamic’ models. The latter 
explicitly incorporate the physical laws describing interactions 
between the particles so that the dynamical system may evolve 
to its desired equilibrium state (for a discussion see Tasso- 
poulos, 1991; Konstandopoulos, 1991). 

In the past, various algorithmic models have been proposed 
in the context of the sphere packing problem. During the 1960s 
and early 1970s related research advanced when it was pos- 
tulated that such packings provided a model of the liquid state 
(Bernal, 1964; Scott, 1960; Finney, 1970). During this period 
several researchers developed computer codes that simulated 
the gentle, one at a time, gravitational deposition of spheres 
(Finney, 1970; Bennett, 1972; Visscher and Bolsterli, 1972; 
Tory et al., 1973). In the mid 1970s the emergence of the 
chemical vapor deposition (CVD) process as a viable tech- 
nology further motivated ‘ballistic’ like models for amorphous 
solids. These molecular-level models (Henderson et al., 1974; 
Dirks and Leamy, 1977) successfully demonstrated, in a qual- 
itative sense at least, some of the key features of CVD deposits. 
For example, it was shown that the apparent columnar mi- 
crostructure that most of the resulting crystalline or amorphous 
thin films exhibit is due to the self-shadowing during the dep- 
osition process. However, the original models generated solids 
with significantly lower densities (solid fraction) than those 
found experimentally (see the last two references; also Meakin 
and Jullien, 1987) and so post-collision particle relaxation steps 
have been proposed that simulate either surface diffusion for 
CVD solids, or the effect of a weak gravitational field on the 
structure of deposits formed by particles sedimenting in a vis- 
cous liquid (Meakin and Jullien, 1987; Jullien and Meakin, 
1987; Bennett, 1972). 

Within the present framework, off-lattice algorithmic models 
should lead to realistic deposit microstructures in two limiting 

16 January 1992 

cases: Deposition of small aerosol particles with unity sticking 
probability and no subsequent restructuring; Deposition of 
larger particles that arrive at the target with nonvanishing 
velocity. Provided the particle kinetic energy at impact is very 
high and/or the adhesive forces between the particles are weak 
the deposits approach a possibly anisotropic (Tory et al., 1968) 
random loose packing configuration irrespective of the details 
of the particle trajectories and particle-particle interactions. 
Such deposits can be accurately modeled by allowing each 
arriving particle, after establishing contact with the existing 
deposit, to relax to a position of local minimum potential 
energy. We have used such algorithmic models to generate 
deposits covering the solid fraction range between about 15% 
for ballistic deposits generated by particles arriving at normal 
incidence and 58% corresponding to a random loose packing 
configuration. The intermediate solid fractions are obtained 
by appropriately adjusting the level of restructuring after the 
first contact with the existing deposit. 

We should also point out that our deposit generation model, 
as summarized below, is identical to the one used by Jullien 
and Meakin (1987; see also Meakin and Jullien, 1987). How- 

Figure 1. Typical two-dimensional deposits generated 
by particles following straight line trajecto- 
ries, normal to the target. 
a. Ballistic deposit 
b. One roIIing event 
c. Two rolling events 
d. Three rolling events 
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ever, while these authors have exclusively concentrated on the 
scaling properties of the growing interface, here we focus on 
the microstructural properties of the bulk of the deposit. Fi- 
nally, a similar model based on the work of Tory et al. (1968; 
1973) has been recently used by Reyes and Iglesia (1991) to 
study particle-particle contact radial profiles (descriptors sim- 
ilar to the radial distribution function of statistical mechanics) 
of random loose packings contained within cylinders. The main 
features of the deposition model implemented here are: 

We perform three-dimensional off-lattice simulations, with 
periodic boundary conditions. The incident particles, started 
at random positions above the existing deposit, are assumed 
to travel in straight lines normal to the target. 

The particles are hard, equal size, spheres. 
Already deposited particles cannot be displaced by sub- 

sequent particle arrivals: that is, we consider the so-called 
‘frozen’ limit. For a discussion on the validity of the frozen 
limit assumption see Tassopoulos (1991). 

A particle that hits the target surface sticks immediately. 
If it hits another particle, as is likely after an initial transient, 
then it rolls in the direction of steepest descent. The rolling 
motion is continued until contact is established with another 
particle, in which case it continues to move towards the target 
while maintaining contact with both fixed particles. Each new 
contact between the rolling particle and another fixed particle 
is considered as a new ‘rolling event’. If a particle while rolling 
reaches a position where it ‘hangs’ below the contacted particle 
then it drops vertically until it hits another particle or the target 
surface. Rolling is continued until the number of rolling events 
specified at the beginning of the simulation is completed, or 
the particle reaches a position of local minimum potential 
energy, or the original target surface is reached. 
The code was optimized both in terms of memory requirements 
and execution speed by solving analytically for the particle 
linear and rolling motion and using linked lists to store the 
particle coordinates. Additional details and a listing of the 
code are provided in Tassopoulos (1991). 

Results and Discussion 
Deposit solid fraction 

To demonstrate the dramatic effect of number of rolling 
events on the resulting microstructure we show in Figure 1 
four off-lattice deposits generated in two dimensions (for ease 
of display). The first deposit (a) shown is a ballistic deposit; 
that is, the incoming particles stick upon first contact with 
already deposited ones. This deposit is characterized by rather 
open, microcolumnar structures. The other three were gen- 
erated by particles that undergo, respectively, one rolling event 
(deposit b), two (deposit c) and three (deposit d) rolling events. 
The effect of the rolling on the deposit microstructure is ap- 
parent, especially when compared to the pure ballistic deposit 
(a). Note further, that the difference in the final solid fraction 
between deposits (c) and (d) is very small, an effect we also 
observed in the full three-dimensional (3D) simulations. 

Our quantitative results are based on 3D off-lattice deposits 
generated on targets 60 x 60 particle diameter wide and rep- 
resent averages of five independent realizations. In all simu- 
lations the length scale is set by the particle diameter. We have 
measured the deposit solid fraction or, alternatively, the po- 
rosity, E(  = l - d,), using two independent techniques. Since d, 

can be interpreted as the geometric probability for a random 
point to belong to the solid phase, it can be obtained by throw- 
ing N random points in the deposit, say at positions ri, and 
determining whether they belong to the solid phase. Formally, 

t N  

where Z,(r) an indicator function equal to unity if r is in the 
solid phase and zero otherwise. We found that as long as N 
was greater or equal to lo5 we obtained very reproducible 
results that were independent of N. Since it is well known that 
the generated deposits are homogeneous only in the region 
away from the underlying target and the growing outer surface 
(Jullien and Meakin, 1987; Meakin and Jullien, 1987; Family 
and Vicsek, 1987), all our results are based on porous samples 
at least 25 particle diameters away from the deposit edges. For 
macroscopically homogeneous deposits, the solid fraction is 
also related to the deposit mean height. In a manner analogous 
to on-lattice simulations (Family and Vicsek, 1985) we define 
the deposit mean height by: 

where L the actual target width, d the discretization length, 
and hi, the local height at the ijth position obtained by a ray- 

tracing technique. A value for d of - provided an acceptable 

compromise between accuracy and execution speed, with the 
solid fractions predicted by Eqs. 1 and 3 agreeing to within 
1.5%. Given %, the mean solid fraction was determined from 

1 
4 

d,=- Vsolid 

L 2 x %  (3) 

where Vsolid the total volume of the particles present in the 
deposit. The effect of number of rolling events on final deposit 
solid fraction is shown in Figure 2 (see also Table 1 ,  where we 
have compiled several microstructural descriptors of interest). 
The dependence of d, as computed by Eq. 1 on number of 
rolling events, shown in Figure 2 and Table 1, is identical to 
the one predicted by Jullien and Meakin (1987) providing an 
independent confirmation of our deposit generation code. Fi- 
nally, and as already pointed out by Jullien and Meakin (1987) 
the maximum solid fraction value of 0.58 obtained when al- 
lowing the particles to roll to the position of minimum potential 
energy is in good agreement with the experimental value of 
0.57 obtained in a sedimentation experiment of noncolloidal 
spherical glass beads in water (Bacri et al., 1986), performed 
gently enough so that multiparticle restructuring events were 
absent. 

Mean coordination number 
The solid fraction, d,, is the lowest order microstructural 

descriptor. An additional physically relevant characterization 
of the deposit microstructure is provided by the mean coor- 
dination number, 2, which for a macroscopically homoge- 
neous deposit is related to d, by 
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Figure 2. Effect of rolling events on deposit solid frac- 
tion. 

(4) 

where a is the number of particle contacts per unit volume, 
Vp the volume of a single particle, and Rp its radius. In Table 
1 we give the deposit solid fraction, mean coordination number 
and its standard deviation, uz, as a function of number of 
post-arrival rolling events. uz is defined here in terms of ex- 
pectation values by [ E[2’] - ( E [ 2 ] ) 2 )  ”’. In Figure 3 we plot 
mean coordination number, 2, vs. 4 for the deposits considered 
here. The filled circles are the data obtained in the current 
work, while the empty symbols correspond to mean coordi- 
nation numbers of real random-dense and random-loose pack- 
ings, obtained by Bernal and Mason (1960) using a dye 
technique. The dashed line on the same figure depicts an em- 
pirical fit reported by Kaganer (1966). Kaganer gives the fol- 
lowing linear relationship between deposit solid fraction and 
mean coordination number: 

which is also in quite good agreement with our data. 
There is clearly no theoretical or experimental evidence (see, 

for example, Figures 3 and 5 )  to suggest that there is a one- 

Table 1. Effect of Number of “Rolling Events” on Deposit 
Solid Fraction, Mean Coordination Number, and Coordina- 

tion Number Standard Deviation 
~ 

Rolling Events + z (fZ 

0 0.15 1.99 0.73 
1 0.38 3.99 1.19 
2 0.52 5.99 1.33 
3 0.56 5.99 1.08 

Min. Potential 0.58 6.00 0.98 

to-one correspondence between deposit solid fraction and mean 
coordination number. On the other hand moments of the co- 
ordination number and contact normal distributions are very 
important in determining the deposit strength, heat transport 
properties, sintering characteristics, and condensible vapor up- 
take rate. Thus, it is instructive to consider the following simple 
unit-cell model (see, for example, Ouchiyama and Tanaka, 
1981) for predicting a relationship between 2 and +, especially 
since such unit-cell models are also useful in estimating effec- 
tive properties of interest (Tassopoulos and Rosner, 1991b). 

Consider a test sphere, of radius equal to one particle di- 
ameter, and concentric with some typical particle, 0, (see Fig- 
ure 4). Let the average solid fraction within the test sphere be 
4’. For relatively dense deposits, we expect that # I - + .  On 
the other hand, for more open deposits formed without sig- 
nificant post-collisional restructuring the ‘connectedness’ con- 
straint, namely, that every particle must be in contact with at 
least another particle, results to a ‘local’ solid fraction 4’  
greater than the ‘global’ average value, 4. In general, we may 
write: 

where Vsphere = 47r(2RP)’/3 and &lid the total solid volume within 
the test sphere. V,,,, will receive contributions from the center 
particle, 0,, from particles in direct contact with the center 
particle, denoted in Figure 4 as 02, from particles O3 that are 
in contact with particles 0, and penetrate the test sphere, etc. 
Thus, if 2 is the mean coordination number: 

where A Vz, and A V, are the volumes of O2 and O3 belonging 
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Figure 4. Geometry assumed for the derivation of the 
mean coordination number correlation, Eq. 13. 

to the test sphere (hatched regions in Figure 4). The 1/2 factor 
in front of z2 has been included to avoid double counting 
second order contributions to the solid volume. 

In writing Eq. 7 we neglected terms that represent particles 
contributing to Vsolid but not in direct contact with the center 
particle or its neighbors as well as higher order contributions. 
The former may be important only for intermediate solid frac- 
tion deposits ( 4 ~ 0 . 3 0 )  while the latter are always negligible. 
It is straightforward to show that A V2 = (13/24)?rRi. A V3 de- 
pends on the angle, w ,  formed between 0201 and 0203. We 
find 

where y=sin(w/2). Assuming next that all values of w are 
equally probable, that is, neglecting the anisotropy associated 
with the contact normal distribution, we estimate 

where wm,=2sin-’(3/4). Finally, combining Eqs. 6, 7 and 9 
and solving for 2 we obtain 

(10) 
- - 195 + [38,025 - 52(480- 3,8404’)]”2 

26 Z ( Q  7 = 

The solid line 1 of Figure 3 corresponds to equation 10 with 
I$ = 6’. As already rationalized, this theoretical expression 
agrees with the simulation data for deposits with mean solid 
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Figure 5. Normalized histogram of the coordination 

number distribution in a ballistic deposit 
without post-arrival restructuring, and denser 
deposits. 

- fraction greater than about ca. 35%. In order to predict the 
Z values corresponding to more open deposits (Q < 0.35) we 
must incorporate into the model the connectivity constraint. 
This can be achieved as follows. Employing the same argument 
used to derive Eq. 7 and neglecting second-order contributions, 
not a bad assumption in the low Q limit, we find that 

4 - 13 
- TR;+ Z.-  T R ~  
3 24 4 ’=  

A 

For 2 = 2  Eq. 11 predicts 4’=0.23, while the corresponding 
average solid fraction, Table 1, is 0.15. Using this observation 
and further assuming a linear relationship between Q and Q’ 
yields 

where 4’(4 = 0.60) = 0.60. Substituting Eq. 12 into Eq. 11 gives 

(13) 
- - 195+ [38,025-52(96-3,1874)]1/2 
Z(4)  = 26 

This correlation, also plotted on Figure 3 (line 2), predicts the 
simulation data successfully over the whole solid fraction range 
considered. 

Coordination number distribution 
In Figure 5 we plot a normalized histogram (frequency dis- 

tribution) of the coordination number distribution for a bal- 
listic deposit without restructuring as well as denser deposits. 
As expected, with increasing solid fraction the distribution 
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Table 2. Coordination Number Distribution 

%0.4 
0 

Coordination Ballistic 1 Rolling 2 Rolling 3 Rolling Min. Potential 

- 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

2.47E-1 1.30E-3 - - 
5.28E-1 9.29E-2 7.55E-4 1.23E-5 
2.04E-1 2.64E-1 2.21E-2 5.98E-3 
2.03E-2 3.19E-1 1.07E-1 6.90E-2 
3.15E-4 2.17E-1 2.31E-1 2.45E-1 
- 8.588-2 2.90E-1 3.65E-1 
- 1.81E-2 2.21E-1 2.39E-1 
- 2.05E-3 9.95E-2 6.82E-2 
- 7.24E-5 2.50E-2 7.88E-3 
- - 3.17E-3 2.83E-4 
- - 2.91E-4 - 

- 
- 

2.42E-3 
4.98E-2 
2.47E-1 
4.09E-1 
2.34E- 1 
5.28E-2 
4.73E-3 
8.54E-5 
- 

shifts towards larger coordination numbers. Moreover, as the 
number of rolling events increases, and hence the system has 
more freedom to reach its own equilibrium state, the spread 
of the coordination number distribution decreases. The dis- 
tributions on Figure 5 are also tabulated in Table 2. 

Next we briefly consider ways to predict the coordination 
number distribution from first principles. To our knowledge 
Beresford (1969) was the first to derive a set of statistical 
equations governing the coordination number distribution, as 
a function of deposit solid fraction and mean coordination 
number. Given that a test particle had z contacts and consid- 
ering the probability of a new contact being made, in the steady- 
state limit he predicted a binomial type distribution for the 
frequency of z contacts: 

(14) 
(Z  - m) z - m  (g ) '-* (C-  m)! 

( z  - rn) ! (C - z)!  P7' c-z 
where C= 14.934 and m is the minimum permissible number 
of contacts for deposit stability, taken here as 3. In Figure 6a, 
we compare Beresford's prediction (solid line) to our computer 
simulation results for a deposit corresponding to 2 rolling 
events and in Figure 6b for a deposit generated by particles 
rolling to the position of minimum potential energy. Note that 
the agreement in both cases is quite good. For completeness 
we also show in Figure 6b an experimentally obtained coor- 
dination number distribution (filled circles) reported by Bernal 
and Mason (1960) for a random loose packing with 4 = 0.60. 

Another approach to predict the coordination number dis- 
tribution (or any distribution for that matter) is based on 
entropy maximization arguments. This approach has been used 
quite successfully to analyze various physical phenomena in- 
cluding the particle size distribution associated with coagula- 
tion-aged aerosols and sprays (Rosen, 1984; Li and Tankin, 
1987), cluster size distribution of colloidal particles in stirred 
suspensions (Cohen, 1990), capture probability of colloidal 
particles (Cohen, 1989), and coordination number distribution 
in packed beds (Nayak and Tien, 1978). The analysis presented 
here follows Nayak and Tien (1978; see also Eyring et al., 
1982) with the difference that we used a different constitutive 
relation to link local coordination number and local solid frac- 
tion, and have added an extra constraint on the mean coor- 
dination number in order to obtain better agreement between 
the simulation data and the theoretical prediction. 

Let the coordination number be distributed over a number 
of microstates. Clearly, for a packed bed consisting of single- 
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Figure 6. Actual coordination number vs. theoretical 

predictions based on the binomial distribu- 
tion. 
Solid line (Beresford, 1969); dashed lines (entropy maximization 

size spherical particles (present case), the coordination number 
can vary between 1 and 12, while for a sufficiently polydis- 
persed population, it may be continuously distributed. With 
each microstate z let us associate a probability of occurrence, 
p z =  N7/Np, where N, the number of particles with coordination 
number z and N,  the total number of particles in the deposit. 
An obvious constraint on the p ,  is that they must be non- 
negative and furthermore 
I 
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Each microstate, that is, each coordination number, z, cor- 
responds to a local solid fraction &. The relationship between 
local coordination number and local solid fraction can be based 
on any appropriate constitutive relation, such as Eq. 5 (the 
one used by Nayak and Tien, 1978) or Eq. 13 (see also Tas- 
sopoulos, 1991). In the following analysis we use Eq. 13 to 
establish this connection. Having obtained a relationship be- 
tween z and d,, the requirement that the total deposit volume 
be conserved can be expressed as (see, Nayak and Tien, 1978): 

l2 1 1 c Pr -&=; 
z= I 

Initially we tried to use only Constraints 15 and 16 (as done 
by Nayak and Tien) but the resulting theoretical distributions 
had means consistently higher than the actual ones. To obtain 
better agreement, we imposed an extra constraint by fixing the 
mean coordination number. Note that, given the deposit mean 
solid fraction, 2 can be readily obtained from Eq. 13. This 
final constraint states that 

12 

c p z z = z  
,= 1 

The principle of maximum entropy requires that we deter- 
mine the distribution which avoids any bias, that is, the most 
probable one, while satisfying the available constraints, Eqs. 
15, 16 and 17. From statistical mechanics we know that the 
total number of ways of achieving a macroscopic state of the 
system such that N, particles have coordination number z is 
(see, for example, Eyring et al., 1982) 

l 2  g N z  

N,! 
W =  N p ! n  2- 

2 =  I 

where g, is the degeneracy associated with each microstate. 
The degeneracy of any state is simply the number of different 
ways z levels can be distributed over 12 levels (the largest 
permissible coordination number for uniform size spheres) 
independently of order (Nayak and Tien, 1978). Thus 

12! 
z!(  12 - z) !  (19) gr = 

The most probable distribution corresponds to pz  values which 
maximize W or, equivalently, In W subject to the constraints 
given by Eqs. 15-17. Using the theory of Lagrange multipliers 
we find 

where X2 and X3 are the second and third Lagrange multipliers 
and the denominator is the partition function of statistical 
mechanics. The first Lagrange multiplier was eliminated with 
the help of Eq. 15. Substituting the expression for pz in Eq. 
18 and maximizing with respect to A, and X3 we end up with 
a set of two nonlinear algebraic equations: 

and 

which were solved using a Newton-Raphson technique. The 
theoretical predictions of the coordination number distribution 
based on the information entropy are also shown in Figures 
6a and 6b (dashed lines). The agreement between theory and 
simulation data is again quite good. 

Contact normal distribution and fabric tensor 
It has been long realized that particle deposition from the 

gas phase leads to anisotropic structures, for example, Figure 
1. Furthermore, the local anisotropy, in conjunction with the 
closeness of the packing of the individual particles, will strongly 
influence both the transport and mechanical properties of the 
deposit. We have already indicated that the solid fraction, @, 
and the mean coordination number, 2, are useful scalar quan- 
tities characterizing the compactness of the deposit. On the 
other hand a more complete description of the structural an- 
isotropy clearly requires a tensorial approach. In this section 
we consider the anisotropy associated with the distribution of 
the contact normals, n, (Onat and Leckie, 1988; Seibert, 1988; 
Thornton and Barnes, 1986). A random distribution is asso- 
ciated with a macroscopically isotropic structure, while non- 
uniformities in the distribution indicate anisotropy. Although 
a complete description of an arbitrary anisotropic microstruc- 
ture may require a representation in terms of an infinite series 
of increasing-order tensors (see e.g., Onat and Leckie, 1988), 

03000 Ballistic 
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- 2  rolling events 
00000 3 .rolling events ***** minimum potential 

= ' t  c 

7 

"."" 
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Cos(d) 

Figure 7. Probability density distribution of the cosine 
of the angle formed between the normal to the 
target and the line of centers between parti- 
cles in contact. 
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the principal directions of anisotropy of deposits formed by 
discrete particles are usually defined to be the eigenvectors of 
the fabric tensor. The fabric tensor, 5 ,  is a symmetric second 
rank tensor which for an assembly of monodispersed spherical 
particles can be written (Oda et al., 1982; Satake, 1985): 

where n denotes the contact normal vector and the angular 
brackets denote an ensemble average. Note that the fabric 
tensor incorporates information on both the closeness of the 
packing and the anisotropy. The distribution of 0, the angle 
formed between the z-axis and the contact normal, is of interest 
as well, especially for deposits possessing azimuthal symmetry; 
this is, deposits generated by particles arriving normal to the 
target. In Figure 7 we plot the probability density distribution, 
f ( x ) ,  of x=cosB for various deposits generated at normal in- 
cidence, and in Figure 8 we show the corresponding cumulative 
distributions, F(x) .  In Table 3 we provide polynomial least 
square fits to the cumulative distributions of Figure 8.  Finally, 
in Table 4 we have tabulated the eigenvalues of the fabric 
tensor for the various deposits considered here. 

Illustrative Application 
Although it is clearly beyond the scope of the present paper 

to illustrate all the physical or engineering problems which 
involve the microstructural quantities determined here, it is 
instructive to briefly consider a particular example. Thus we 
evaluate an upper bound to the effective thermal conductivity 
tensor of packed beds, reported by Jagota and Hui (1990; see 
also TassopouIos and Rosner, 1991 b). Jagota and Hui used a 
volume-average approach in the spirit of Batchelor and O’Brien 
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Table 3. Least Square Fit to the Cumulative Distribution Func- 
tion of the Angle Formed Between the Normal to the Target 

Surface and the Contact Normal 

F ( X ) = O ~ + ~ X + ~ X ~ + ~ X ~ + E X ~ ,  where x=cosO 

Rolling Events 01 P Y 6 E 

0 - -0.0135 0.799 0.215 - 
-0.0050 1.135 -0.123 - - 1 

2 -0.0028 0.988 0.0209 - - 
3 -0.0046 0.842 0.464 -0.305 - 

Min. Potential - 0.656 -0.749 3.231 -2.142 

Table 4. Eigenvalues of the Fabric Tensor 

Rolling Events - 3dZ rill* n22 n33 

47r 

0 0.072 0.235 0.241 0.524 
1 0.363 0.308 0.311 0.381 
2 0.745 0.333 0.333 0.334 
3 0.802 0.323 0.324 0.353 

Min. Potential 0.831 0.320 0.321 0.359 

‘11, 22 directions parallel to the target; 33 normal to the target 

(1977) in conjunction with a mean temperature field assump- 
tion to derive the following anisotropic upper bound to the 
true effective thermal conductivity, K*, of the bed: 

where p the radius of the particle contact area, assumed here 
constant, and k ,  the intrinsic thermal conductivity of the par- 
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Figure 9. Anisotropic effective thermal conductivity of 
consolidated deposits possessing azimuthal 
symmetry. 

P1 

Comparison of an upper bound (filled symbols), “exact” simu- 
lation results (empty symbols) and experimental data (solid line). 
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ticulate phase. Using the data provided in Tables 1 and 4 we 
computed the upper bound to keff for heat conduction parallel 
to the target surface (note that the azimuthal symmetry of the 
deposits results in K , ,  = Kz2; filled circles in Figure 9) and nor- 
mal to the target (K33; filled triangles in Figure 9). Here, we 
considered deposits generated by particles rolling to positions 
of minimum potential energy and at different levels of con- 
solidation. Compaction of the deposits was achieved using the 
so-called grain consolidation model (see, for example, Schwartz 
and Banavar, 1989). According to this model the radii of all 
particles are increased by a fixed amount, so that particles 
originally in point contact interpenetrate. Despite its simplicity 
this model has been used quite extensively and successfully to 
study the effective void diffusivity and permeability of beds 
of consolidated particles due to sintering or growth (see, for 
example, Schwartz and Banavar, 1989; Reyes and Iglesia, 1991). 
Finally, we should point out that when the particle radii of 
the original unconsolidated particles are increased significantly 
(say above 25%) many new contacts are formed and so the 
data of Tables 1-4 must be corrected (for related properties 
of consolidated deposits see Tassopoulos, 1991). However, for 
the relatively small consolidation levels considered in this work, 
Tables 1-4 remain valid. 

The upper bound of Jagota and Hui can be further compared 
to simulation data on Keffobtained by our group (Tassopoulos, 
1991). We have used a Brownian diffusion simulation tech- 
nique (see, for example, Hong et al., 1986; Kim and Torquato, 
1991) to determine ‘exactly’ the deposit effective thermal con- 
ductivity tensor from the slope of mean square displacement 
vs. time of heat tracers diffusing through the porous medium 
in the limit of large time. Details on the computational method 
and extensive results are expected to be reported in future 
publications (see, for example, Tassopoulos and Rosner, 
1991b). The anisotropic simulation data are denoted in Figure 
9 by the empty symbols, the circles corresponding to the ef- 
fective thermal conductivity in directions parallel to the target, 
K , , ,  and the empty triangles to K33. Note that indeed the ‘exact’ 
values are always below the corresponding upper bounds (for 
the densest deposit with q5 = 0.73 we do not indicate the upper 
bounds because the formation of new contacts is significant 
so that Tables 1 and 4 are not valid). Moreover the bounds 
are quite tight, especially in the low consolidation limit (small 
p).  Finally, on the same figure we show the experimental data 
of Koh (1971; solid line) who measured the effective thermal 
conductivity of consolidated stainless steel particles. His data 
are in very good agreement with our simulation results, further 
supporting the grain consolidation model as a simple way of 
modelling sintered packed beds. 

Conclusions and Generalizations 
In this communication we presented quantitative results on 

the coordination number distribution, contact normal distri- 
bution and fabric tensor of particulate deposits. For compu- 
tational efficiency, the deposits were generated using an 
algorithmic model. Despite its simplicity, this model predicts 
microstructures which in certain limits are very ‘similar’ (as, 
for example, determined by the radial distribution function) 
to real-life deposits (see, for example, Zallen, 1979) or to de- 
posits generated with more realistic dynamic models (Kon- 
standopoulos and Tassopoulos, 1990; Tassopoulos, 1991). 
Furthermore, since quite often we are only interested in ef- 

fective material or transport properties (which involve volume 
integrals of these descriptors) use of the data presented here 
should be justifiable, even when the finer details of the deposit 
of interest and the corresponding deposit analyzed here are 
not exactly the same (see, previous section and, especially, 
Figure 9; also Tassopoulos, 1991). 

To facilitate the use of our results by the engineering com- 
munity, we have presented them in tabular format and further 
provided theoretical and/or empirical fits. Thus, using a unit- 
cell approach (see, for example, Ouchiyama and Tanaka, 1981) 
we were able to successfully predict the variation of mean 
coordination number with deposit solid fraction, Eq. 13. Sim- 
ilarly, following Nayak and Tien (1978), we have used entropy 
maximization arguments, in conjunction with the mean co- 
ordination number correlation proposed here (Eq. 13), to pre- 
dict the coordination number distribution of the various 
deposits. The agreement between theory and simulation was 
again good. 

Finally, we conclude by providing a list of several engineering 
problems that require at least some knowledge of the geometric 
descriptors determined here: Mechanics and strength of gran- 
ular media (see, for example, Oda et al., 1982; Satake, 1985; 
Thornton and Barnes, 1986), size distribution of particles dur- 
ing granulation (Ouchiyama and Tanaka, 1981), sintering 
properties of packed beds (Jagota et al., 1988), Knudsen dif- 
fusion of vapors (Tassopoulos and Rosner, 1991a), sticking 
probabilities of particles impacting on beds of already depos- 
ited particles (Konstandopoulos, 1991; Rosner, et al., 1991) 
and deposit heat transport properties, primarily for Fourier 
conduction through the solid phase (see, for example, Batch- 
elor and O’Brien, 1977, Nayak and Tien, 1978; Jagota and 
Hui, 1990; Tassopoulos, 1991; Tassopoulos and Rosner, 
1991b). As an illustration (see, previous section) we evaluated 
an upper bound to the effective thermal conductivity tensor 
(Jagota and Hui, 1990) and compared it to corresponding 
‘exact’ results obtained by Brownian diffusion simulations 
(Tassopoulos, 1991), as well as experimental data (Koh, 1971). 
Future work on the algorithmic deposits considered in this 
paper will include predictions of the response of the deposit 
surface to impulsive heating of the substrate/deposit interface, 
with potential application to new nondestructive diagnostic 
techniques based on digital thermography. 
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Notation 
d = discretization length (Eq. 2) 

E [  ] = expected value 
5 = fabric tensor 
& = degeneracy of z microstate 
h = deposit mean height 
I, = indicator function 
k ,  = intrinsic thermal conductivity of solid phase 

K’ = true deposit effective thermal conductivity tensor 
L = target width 
rn = minimum number of contacts for deposit stability 
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- 
M =  
n =  

N =  
N, = 
N, = 

PI = 
r =  

R, = 
V =  

W =  
v, = 

x =  
Y =  
x =  
z =  
o =  

average number of contacts per unit volume 
contact normal 
number of random test-points used to determine 6 
total number of particles in deposit 
number of particles with coordination number z 
probability of having local coordination number z 
position vector 
particle radius 
volume 
particle volume 
number of different ways of distributing N, particles over 12 
microstates (coordination numbers) 
cos8 
sin(w/2) 
local coordination number 
mean coordination number 
ensemble average 

Greek letters 
AV = common volume (Eq. 7) 

c = porosity 
8 = angle formed between contact normal and z-axis 

X, = Lagrange multiplier, i = 1, 3 
p = radius of contact area 

U, = spread of coordination number distribution 
C$ = bulk solid fraction 

9’ = local solid fraction (Eq. 6) 
b2 = solid fraction associated with coordination z 
w = angle formed between 020, and 0203 (Figure 4) 
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